In this paper we study the truncated operator trigonometric moment problem. All solutions of the moment problem are described by a Nevanlinna-type parameterization. In the case of moments acting in a separable Hilbert space, the matrices of the operator coe cients in the Nevanlinna-type formula are calculated by the prescribed moments. Conditions for the determinacy of the moment problem are given, as well.
Introduction

The truncated operator trigonometric moment problem consists of nding a non-decreasing [H]-valued function F(t), t ∈ [ , π], F( ) = , which is strongly left-continuous in ( , π] and such that
where {Sn} 
where {h k } d are arbitrary elements of H, is necessary and su cient for the solvability of the moment problem (1) (e.g. [1] ). The solvable moment problem (1) is said to be determinate if it has a unique solution and indeterminate in the opposite case. The truncated operator trigonometric moment problem was studied in papers [1] , [6] (in slightly di erent statements). The conditions of the solvability were obtained in [1] . In the case of the strict positivity of the corresponding Toeplitz operator, all solutions to the moment problem were described in [6] . In contrast with the operator-valued case, scalar and matrix truncated trigonometric moment problems were studied in many papers, see, e. g., [3] , [5] , [10] and references therein. Our aim here is to describe all solutions to the solvable moment problem (1) without any additional conditions. For this purpose we shall develop the operator approach of Szökefalvi-Nagy and Koranyi in [8] , [9] . Also our approach is close to the approach of Krein and Krasnoselskii in [7] . All solutions of the moment problem are described by a Nevanlinna-type parameterization. In the case of moments acting in a separable Hilbert space, the matrices of the operator coe cients in the Nevanlinna-type formula are calculated by the prescribed moments. Conditions for the determinacy of the moment problem are given. Notations. As usual, we denote by R, C, N, Z, Z+, the sets of real numbers, complex numbers, positive integers, integers and non-negative integers, respectively; D = {z ∈ C : |z| < }; T = {z ∈ C : |z| = }; 
The solvability and a description of solutions for the moment problem
Suppose that the moment problem (1) 
Here δ is the diameter of a partition of [ , π] and {tr} N are points of this partition. Thus, condition (2) is satis ed. Conversely, suppose that the moment problem (1) with d ∈ N is given and condition (2) is satis ed. Like it was done in [9] we consider abstract symbols ε j , j = , , ..., d, and form a formal sum h:
where
where g j ∈ H, then we set
A set of all formal sums of type (3) becomes a complex linear vector space B. Let h, g ∈ B have the form as in (3), (4) . Let
The functional Φ is sesquilinear and it has the properties
we put elements h and g to the same equivalence class denoted by [h] or [g] . The set of all equivalence classes will be denoted by L. By the completion of L we obtain a Hilbert space H. Set
Observe that
Set
Consider a linear operator A with D(A ) = D :
Let us check that A is well-de ned. Suppose that an element h ∈ D has two representations:
Thus, A is well-de ned. If
Therefore A is isometric. Set A = A . By the induction argument it may be checked that
Let A ⊇ A be a unitary operator in a Hilbert space H ⊇ H, and { E t } t∈[ , π] be its strongly left-continuous orthogonal resolution of the identity. We may write
Consider the following operator I: H → H:
It is readily checked that I is linear. Moreover, since
then I is bounded. By (9) we may write
Therefore
where E t is a strongly left-continuous spectral function of A (corresponding to A). Thus,
is a solution of the moment problem (1). We conclude that each strongly left-continuous spectral function of A generates a solution of the moment problem (1) by relation (12). Let F(t) be an arbitrary solution of the moment problem (1). We shall check that F(t) can be constructed by relation (12). By C (H; [ , π]) we denote a set of all strongly continuous H-valued functions f (t), t ∈ [ , π], which take their values in nite-dimentional subspaces of H (depending on f ). For arbitrary f , g ∈ C (H; [ , π]) we set (see [2] )
where δ is the diameter of a partition
Here, as usual, the limit does not depend on the choice of partitions and points t k . It is easy to see that in the case of f , g ∈ C (H; [ , π]) the limit in (13) exists and reduces to a nite sum of scalar Stieltjes-type integrals.
Introducing classes of the equivalence with respect to Ψ and by the completion we obtain a Hilbert space L = L (H; [ , π]; d F(t)). Consider two operator polynomials of the following form:
Since p, q ∈ C (H;
[ , π]) then the corresponding classes [p], [q] belong to L (H; [ , π]; d F(t)). As usual in such situations, we shall say that p, q belong to L (H; [ , π]; d F(t)). Then (p, q) L (H;[ , π];d F(t)) = π d F(t)p(t), q(t)
H = d j,k= π e i(j−k)t d F(t)h j , g k H = d j,k= (S j−k h j , g k ) H = = d j,k= (x h j ,j , x g k ,k ) H =   d j= x h j ,j , d k= x g k ,k   H .(15)
Denote by P(H; [ , π]; d F(t)) a set of all (classes of the equivalence which contain) polynomials of type (14) from L (H; [ , π]; d F(t)). Set L ; (H; [ , π]; d F(t)) = P(H; [ , π]; d F(t)).
Consider the following transformation:
which maps P(H; [ , π]; d F(t)) on the whole L(⊆ H).
Let us check that W is well-de ned. In fact, suppose that p, q from (14) belong to the same class of the equivalence. Then 
d F(t)).
Observe that 
Set L ; (H; [ , π]; d F(t)) = L (H; [ , π]; d F(t)) L ; (H; [ , π]; d F(t)), and W = W ⊕ E L ; (H;[ , π];d F(t)) . Notice that W is a unitary transformation which maps L (H; [ , π]; d F(t)) on H := H ⊕ L ; (H; [ , π]; d F(t)).
By the well-known inversion formula we conclude that F(t) = I * E t I.
Theorem 1. Let the truncated operator trigonometric moment problem (1) with d ∈ N be given and condition (2) hold. Let an operator A in a Hilbert space H be constructed as in (8), A = A . All solutions of the moment problem have the following form:
where I is de ned by (10) Proof. It remains to check that di erent left-continuous spectral functions of A generate di erent solutions of the moment problem (1).
For arbitrary ζ ∈ Te\{ } there exists the following representation:
Here v and y may depend on the choice of ζ . In fact, for an arbitrary element u ∈ D(A ), u = d− j= x g j ,j , g j ∈ H, we may write
Consider the following system of equations:
We can nd g d− , then g d− , ..., g . Consider u with this choice of g j and set v :
Then relation (18) holds. Suppose to the contrary that two di erent strongly left-continuous spectral functions E j,t , j = , , generate the same solution of the moment problem: I * E ,t I = I * E ,t I. For arbitrary f , g ∈ H we have:
Multiplying by −ζe it and integrating we get
where R j,ζ is a generalized resolvent corresponding to E j,t , j = , . Let R j,ζ is generated by a unitary extension A j of A in a Hilbert space H j ⊇ H, j = , . Since for arbitrary f ∈ D(A), ζ ∈ Te and j = , we have
Choose an arbitrary ζ ∈ Te\{ }. We may write:
Choose an arbitrary element w ∈ L and ζ ∈ Te\{ }. By (18) we may write:
For an arbitrary w ∈ L using (18) we may write:
we get R ,ζ w = R ,ζ w, ζ ∈ Te\{ }. Therefore E ,t = E ,t . This contradiction completes the proof. 2 Notice that relation (17) is equivalent to the following relation:
From the latter relation it follows that
By virtue of Chumakin's formula for the generalized resolvents of an isometric operator (see [4] ) we conclude that the following formula:
establishes a one-to-one correspondence between all functions Φ ∈ S(D; H D(A), H R(A)
) and all solutions of the moment problem (1). We shall need the following proposition which is close to Frobenius's inversion formula for matrices.
Proposition 1. Let M be a linear bounded operator in a Hilbert space H, D(M) = H. Suppose that
where H , H are subspaces of H, and the operator M has the following block representation: 
